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In quantum mechanics, the variance-based Heisenberg-type uncertainty relations are a series of 
mathematical inequalities posing the fundamental limits on the achievable accuracy of the state 
preparations. In contrast, we construct and formulate two quantum uncertainty equalities, which 
hold for all pairs of incompatible observables and indicate the new uncertainty relations recently 
introduced by L. Maccone and A. K. Pati [Phys. Rev. Lett. 113, 260401 (2014)]. Furthermore, 
we present an explicit interpretation lying behind the derivations and relate these relations to the 
so-called intelligent states. As an illustration, we investigate the properties of these uncertainty 
inequalities in the qubit system and a state-independent bound is obtained for the sum of vari¬ 
ances. Finally, we apply these inequalities to the spin squeezing scenario and its implication in 
interferometric sensitivity is also discussed. 

PACS numbers: 03.65.Ta, 03.76.-a 


I. INTRODUCTION 


Similar to quantum entanglement, the uncertainty 
principle is also one of the characteristic traits of quan¬ 
tum mechanics and is a fundamental departure form the 
principles of classical physics. Any pair of incompati¬ 
ble observables admit a certain form of uncertainty re¬ 
lationship (e.g., an uncertainty inequality) and this con¬ 
straint set ultimate bounds on the measurement preci¬ 
sion achievable for these quantities. Since Heisenberg 
introduced the first uncertainty relation about the prod¬ 
uct of the standard deviations of canonical operators in 
1927 jl], ||, the scientific community has raised the long¬ 
standing controversy over how to interpret and formulate 
the Heisenberg’s original spirit 1 !• 

Especially in recent heated debate, a series of novel 
error-tradeoff or measurement-disturbance relations have 
been proposed and the community’s enthusiasm on the 
uncertainty principle has been reactivated |-0- How¬ 
ever, the conventional variance-based uncertainty rela¬ 
tions possess a clear physical conception and still find a 
variety of applications in quantum information science, 
such as entanglement detection J[8[ [H)|, quantum spin 
squeezing |2(] Q , and even quantum metrology [^|| [l7|. 
In fact, it is precisely because of the uncertainty rela¬ 
tions that quantum theory imposes definite limits on 
the precision of measurement and the celebrated quan¬ 
tum Cramer-Rao bound can also be deduced from the 
Schrodinger-Robertson uncertainty relation |^8|, ^9|. 

Intuitively, it is a well-accepted mathematical struc¬ 
ture that the convectional uncertainty relations provide 
lower bounds to the product or sum of the variances of in¬ 
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compatible Hermitian operators. Among the candidates, 
the most famous and popular form is the Robertson un¬ 
certainty relation (RUR) p3| 


AAAB > 


2 i 




(1) 


where the standard deviation A O and expectation value 
( O) are taken over the state | H/). It is notable that the 
RUR can be derived from a slightly strengthened inequal¬ 
ity, the Schrodinger uncertainty relation (SUR) |3l| 


AA 2 AB 2 > 






( 2 ) 


where we define the operator 0 = 0 — ( 0)1 and I is the 
identity operator. 

However, both the RUR and SUR suffer from the prob¬ 
lem that they may be trivial even when A and B are 
incompatible on the state I'll), for instance, |) is an 
eigenstate of either A or B. In order to fix this flaw, 
recently Maccone and Pati presented two stronger un¬ 
certainty relations based on the sum of variances and 
these inequalities are guaranteed to be nontrivial when¬ 
ever |\I/) is not a common eigenstate of A and B. The 
novel lower bound can be represented in a combination 
of both inequalities Q 

A A 2 + A B 2 > max{£i, £ 2 }> (3) 

where we define 


A = ±*([A, R]} + |(\I/|A ± iB\A> ± )\ 2 , (4) 

C 2 = l -\{^ A+B \A + B\n\ (5) 


Here is an arbitrary state orthogonal to I’P) and 

ly-jr, P ) is specified according to the Vaidman’s formula 

rail 


O I'P) = (0)|\I>) + AO\^q). 


( 6 ) 
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Moreover, utilizing the same techniques employed to de¬ 
rive ( [I|), Maccone and Pati also obtained an amended 
RUR^| 


AAAB>± l -{[A,B})/[\- 1 - 




( 7 ) 

In this work, we try to look at such a problem from 
another perspective. Given two noncommuting opera¬ 
tors A and B, we can define the uncertainty functional 
U( dt) = AA 2 AB 2 . Indeed, the RUR and SUR follow 
directly from the uncertainty equality 


U{ 'P) 


>•«!> 





2 

+ W), 


( 8 ) 


where 1Z(\ P) is a positive semidefinite remainder term, 
emerging from the application of the Cauchy-Schwarz 
inequality to (A 2 )(B 2 ). Can we construct other un¬ 
certainty equalities for U(' P) and another functional 
W(’P) = AA 2 + AB 2 , which can straightforward lead 
to the inequalities derived in Ref. |3^| ? Here we show 
that the answer is affirmative and elucidate the physical 
meaning behind these inequalities. 

An outline of the reminder of the paper is as follows. 
In Sec. |n|, we construct and formulate two quantum un¬ 
certainty equalities , which hold for all pairs of incom¬ 
patible observables and imply the new uncertainty rela¬ 
tions introduced by Maccone and Pati. Furthermore, we 
present an explicit interpretation lying behind the deriva¬ 
tions and relate these relations to the so-called intelligent 
states. In Sec. HI, we investigate the properties of these 
uncertainty inequalities in the qubit system and a state- 
independent bound is obtained for the sum of variances. 
In Sec. 0 we apply these inequalities to the spin squeez¬ 
ing scenario and its implication in interferometric sensi¬ 
tivity is also discussed. Finally, Sec. [v| is devoted to the 
discussion and conclusion. 


II. UNCERTAINTY EQUALITIES IMPLY 
UNCERTAINTY RELATIONS 


Uncertainty equality 1. 


d-1 

W('F) = ±i([A,B}) + £ |<\P|A ± iB |*£)| 2 , (11) 

k= 1 


where PV(’P) = AA 2 + A B 2 and (|'F), | )fl\} com¬ 
prise an orthonormal complete basis in the d-dimensional 
Hilbert space. 

Proof. For simplicity, let us define the operator n = 
I — |\I>)(\l/| and the state ly^) = (A±iB)\^t). Note that 
n 2 = II, which is a projector of the Liiders type [j35| . 
The ± sign in (y^) is due to the symmetry between A 
and B since W(’P) must be invariant under A B (see 
below). We have 

(x T |n|x T > = <^|(A ± iB)(I - |'P)('P|)(A =F iB) |T) 

= (x T lx T >- (x^X^lx*) 

= (A 2 +B 2 ^i[A,B}) 

-((A)±i(B))((A) T i(B)) 

= AA 2 + AB 2 =f i{[A, B)). (12) 

Since n is the orthogonal complement to | A/) (H/1 (e.g, 
(<P|n|’P)=0), we can choose an arbitrary orthogonal de¬ 
composition of the projector n 


d -1 


/c=l 


(13) 


where {|*P), ) fc= |} comprise an orthonormal complete 

basis in the d-dinrensional Hilbert space. Combining Eqs. 
(ED and (|l3|), we obtain the uncertainty relation ©■ " 

Uncertainty equality 2. 


_ ±|([Ag]) 

H) 

whereldf'b) = AA 2 AB 2 and{ |\P), comprise an 

orthonormal complete basis in the d-dimensional Hilbert 
space. 



A. New uncertainty equalities 

As indicated in Ref. Q , the lower bound £2 is derived 
from the uncertainty equality 

AA 2 + AB 2 = i [A(A + B) 2 + A(A - B) 2 ] . (9) 

In fact, we can obtain another lower bound 

£3 = ^A(A - B) 2 = \\{^_ b \A - B\*)\ 2 . (10) 

In the following, we first construct and prove two uncer¬ 
tainty equalities which imply the uncertainty inequalities 
([|) and ([/]). Note that here we refer the lower bounds as 
to the corresponding uncertainty relations. 


Proof. Similar to the above arguments, first define the 
unnormalized state vector l^) = (^ ± i-^)|dt). We 
have the identity 


(t T m T ) 


<r F ir F >-<r F i«)(*ir F > 

/ A 2 


+ 


B 2 


_ _ M\ 

\ AA 2 ' AB 2 + AAAB / 


2 =f i 


AA AB 


;([AB}) 


(w Ti m 

\ AA T AB J 


AAAB' 


(15) 


From Eqs. (^3|) and (ED- we obtain the uncertainty rela¬ 
tion ©■ Note that we always assume that AAAB ^ 0, 
e.g., |'P) is not an eigenstate of either A or B. ■ 
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Before proceeding, some remarks can be made on 
the significance of the above two uncertainty equali¬ 
ties. First, if we retain only one term associated with 
|'I ,_L ) € {|'Ffc)fcIi} iu the summation and discard the 
others, the uncertainty equalities © and fll4| ) reduce 
to the uncertainty inequalities (|J) and ( 0 ), respectively. 
It is worth emphasizing that in contrast to the deriva¬ 
tions in Ref. [[32] , the Cauchy-Schwarz inequality is not 
involved here. Moreover, the tightness of the inequality 
is indicated by the uncertainty equality. For example, 
when is of the form (A f is the normalization factor) 

|* X ) = (A T iB - (H T iB))\*)/N = B\ X ^)/M, (16) 

it is easy to see that the contribution from all other terms 
in the summation of ([ll]) vanishes 

d— 1 d-1 

£ |<*|H±iR|^)| 2 =Af£|K|^}| 2 = 0, (17) 

k—2 k=2 

where we assume |\E , - L ) = |'F;j L ). This result coincides 
with that of j3^[. Therefore, in view of Ref. |32j, we can 
naturally interpret the tightness of (1 or ( 0 ) as imposing 
constraints on the properties of |'I ,± ). 


B. Interpretations of uncertainty inequalities 


However, we still wonder why these seemingly curious 
expressions, such as A ± iB and ± i~£f r , appear in 
these inequalities. Here we provide an explicit interpre¬ 
tation of (|4|) and (0), and the critical role of the intelligent 
states is highlighted. From this perspective, two signifi¬ 
cant types of states should be introduced: the ordinary 
intelligent states (OISs) provide an equality in the RUR 
|l 6 ], |3j, while the generalized intelligent states (GISs) do 
the same in the SUR . It is clear that the OISs form a 
subset of the GISs and the set of OISs is unitarily equiv¬ 
alent to the set of GISs J|iJ. Most importantly, owing 
to the application of the Cauchy-Schwarz inequality, the 
GISs for operators A and B must satisfy the following 
characteristic eigenvalue equation pi E3] 


{A + i^B)\^) = A|'F), 


(18) 


where 7 is an arbitrary complex number (e.g., 7 £ C) and 
the eigenvalue A = (A)+i'y(B). For the particular case of 
real 7 £ M, the eigenvalue equation (|l 8 ) determines the 
OISs for operators A and B ^l|. In addition, it should 
be emphasized that the concept of OISs is not equivalent 
to minimum-uncertainty states (MUSs) in general 0 
HH .0 and we also obtain a constraint for |\E f ) which 
should be satisfied if W(H/) is to be a minimum 


(19) 


(. A 2 + i? 2 )|'F) = (AH 2 + AR 2 )|4>). 

For more details, see Appendix |a]. 

For further discussion, the necessary condition (|18|) can 
be rewritten as 


(A + *7^3) | HA) = 0. 


( 20 ) 


By multiplying A + i X B or A — vjB upon (| 
the following two equations [38, po| 


we have 


AH 2 - 7 2 A B 2 = -ij(F), (21) 

AH 2 + 7 2 AH 2 = 7 (C), ( 22 ) 


where we define the Hermitian operators 

C = -i[A,B] = -i[A,B], F = {A 1 B}. 

Therefore, the solution to ( fu| ) and (|2^) is 


<■ C)+i(F ) 
2A B 2 ’ 


111 2 


AH 2 

AH 2 ’ 


(23) 


(24) 


where we still ignore the trivial cases and assume 
AAAB ^ 0. 

Since the uncertainty relations (Q) and (|7|) are both 
extensions to the RUR, we should concentrate on the 
special case of 7 £ R, that is, 7 = ±AA/AB. Therefore, 
the eigenvalue equation (|l 8 |) can be recast as 



Thus, if we define the following two quantities 


6i 

02 


A Ft 

($| ±* (tf-L) 

' 'ah a b' 1 

|(4>|H±iB|'F- L )| 2 , 


(26) 

(27) 


it soon becomes clear that the value of @1 reveals the 
extent to which |\I/) deviates from being an OIS, or more 
precisely, @1 characterizes the extent to which AAAB 
deviates from |([H, B])\/2. Meanwhile, by noticing the 
inequality 


AH 2 + AB 2 > 2AAAB > |([H, B})\, (28) 

we realize that if we require AH 2 + AB 2 = | ([H, B]) |, the 
condition AH = AB must be satisfied. In this circum¬ 
stance, the eigenvalue equation (|5|) reduces to 

(A±iB)\^) = A|T). (29) 


Thus, we recognize that ©2 characterizes the extent to 
which A A 2 + AB 2 deviates from |([H, 2?])|. It is worth 
noting that the above explanation does not depend on 
extra properties of |4 ,± ) except for (\E r |\I rJ “) = 0 , which in 
turn leads to the uncertainty inequalities (§ and ( 0 )- 


III. QUBIT SYSTEM AS AN ILLUSTRATION 

As the most commonly used building blocks for quan¬ 
tum information processing, qubit systems have played 
an irreplaceable role not only in theoretical analysis but 
also in experimental tests due to its unique properties. 
Therefore, it would be of great interest to evaluate the 
performance of these new uncertainty relations and to 
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compare them with RUR or SUR in the context of qubit 
systems. 

In the Bloch sphere representation, |4'- L ) is unique (up 
to an irrelevant overall phase factor) and its Bloch vector 
is antiparallel with respect to that of |\H), which implies 
II = I — |4/)( I P| = |\I/- L )(\I/- L |. From the derivations in 
Sec. |II \\._ it turns out that the uncertainty inequalities 
(|J) and ([ 7 ]) automatically become equalities for arbitrary 
single-qubit pure states. In fact, we have 

w (*) 1/2 = ±\([A, b])/ (1 - , ( 30 ) 

W(*) = ±i([A,B]) + <d 2 . (31) 


In other words, the above identities indicate that the 
novel uncertainty relations (|]) and (j^) accounts for all 
the uncertainty predicted by the sum and product of the 
standard deviations in qubit system. 

In full generality, we consider two arbitrary Hermitian 
operators 


A =a\I + «2 a ■ <7, (32) 

B=p 1 I + 0 2 b-a, (33) 

where {ai,/3j} are real parameters, a,b £ M 3 are unit 
vectors and a = (<r x , er y , a z ) are standard Pauli matrices. 
Meanwhile, the most general pure state of a single qubit 
is of the form (up to an unobservable phase factor) 

1^) = cos^|0) + e^sin^|l), (34) 

with 9 £ [0, 7 r] and p £ [0,27r]. In Bloch representa¬ 
tion, the corresponding density operator can be written 
as p = |\R) (\R | = 1(7 + r ■ a) with the Bloch vector 
r = (sindcos<£,sin(9sin<£,cos(9). To simplify the prob¬ 
lem, one may consider a ■ a (b ■ a) instead of A (B ) and 
this strategy is usually employed in the discussion of en- 
tropic uncertainty relations |4^, [li|. It is reasonable since 
a ■ <j and A have the same eigenstates and the eigenvalues 
are not involved in the corresponding entropy functions. 
However, the standard deviation A A does depend on the 
eigenvalues. 

Fortunately, this simplification still works here. In our 
notation, the RUR (lj) is represented as 

\u 2 Wl - (a-r) 2 |/3 2 |\/l - (b ■ r) 2 > \a 2 P 2 W (a xb) • f|, 

(35) 

which is equivalent to 

\/l — (a ■ r) 2 y^l — (b ■ r) 2 > |(a x b) • r\. (36) 


can assume that A and B lie in the x — y plane with loss 
of generality, that is 


A = cos <f> a x + sin <f> a y , (37) 

B =sin</> a x + cos0 cr y , (38) 

where the angle between A and B is entirely character¬ 
ized by the parameter <j>. 

First, it is easy to verify that the identities ( |30| ) and 
(pi]) indeed hold for arbitrary pure states |H7) by utilizing 
= i(7 — r ■ a). In particular, we have 

W(T) = ±i{[A, B}) + |(^|H ± iB l ^- 1 )! 2 

= 1 + cos 2 B — sin 2 9 sin 2p sin 2 <j) 

> 1 — | sin2</>| 

= 1 — |a ■ 6|. (39) 


Alternatively, we can prove in Bloch formulism that 
the above inequality indeed provides a state-independent 
lower bound for the quadratic functional W(4/) = AA 2 + 
A B 2 by using the parallelogram law (see Appendix |b]) 

W(4/) > 1 — |a • 6| = 2(1 — c 2 ), (40) 


where c = max^j- |(aj|6j)| and {|ai)} ({|)}) are the cor¬ 
responding eigenvectors of A ( B ). Note that c is the most 
common and important quantity in the formulation of 
entropic uncertainty relations |^). 

Since the inequalities ([|) and (Q) are saturated for any 
single-qubit pure state, then we focus on the performance 
of the inequality (||) comparing with the RUR or SUR. 
We notice that reformulation by normalization turns out 
to be a relatively reasonable way to compare different 
types of uncertainty relations, e.g., dividing both sides of 
the inequalities by their own lower bound [fl5| [Tt| . Ac¬ 
cording to this line of thought, we can define the following 
two functionals 


Ui{9,<p,<j>) 
U 2 ( 0 , <£,</>) 


AA 2 AB 2 


\([A,B])/2\*’ 

A A 2 + A B 2 

\{*i +B \A + Bm*/2- 


(41) 

(42) 


Therefore, the performances (or tightnesses) of uncer¬ 
tainty relations is to compare the left hand sides of the 
inequalities with the uniformly normalized lower bound 
1. In our notation, we have 


Tfi = 


[1 — sin 2 6 cos 2 {ip — <j>)\ [1 — sin 2 9 sin 2 {tp + 1 
cos 2 9 cos 2 2(f) 


Uo =- 


2 — sin 2 9(1 + sin 2 p sin 2(f>) 

(1 + sin 20) [1 — sin 2 9(1 + sin2</>)/2] 


(43) 

(44) 


Thus, we can restrict our attention to the class of Hermi¬ 
tian operators of the forms A = a ■ a and B = b ■ a since 
the uncertainty inequalities (j|) and ([?]) are both exten¬ 
sions of RUR [Q . To Further simplify the discussion, we 


We first focus on the case 0 = 0 where two observables 
A = a x and B = a y are complementary to each other. 
Recall that the associated eigenvectors of the Pauli ma¬ 
trices are mutually unbiased bases of C 2 . In Fig. [I], 
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FIG. 1: (Color online) (a) The contour plot of U\ (</> = 0) as 
a function of polar angle 9 and azimuthal angle ip; (b) The 
contour plot of U 2 {4> = 0) as a function of the parameters 9 
and ip. Note that lighter regions show higher values of the 
functions. 


FIG. 2: (Color online) (a) The contour plot of = 7r/8) 
as a function of polar angle 9 and azimuthal angle <p; (b) The 
contour plot of U2{(j> = 7t/8) as a function of the parameters 
9 and ip. Note that lighter regions show higher values of the 
functions. 


we show the contour plots of U\((f) = 0 ) and lA-Aj/ = 0 ) 
as a function of polar angle 6 and azimuthal angle <p. 
We can easily check that an equality U\ = 1 holds for 
8 = 0 , 7 r and arbitrary ip or arbitrary 9 and <p = mr/2 
(n is an integer and notice the symmetry of the function 
U\). When 9 —> tt/2, U\ diverges since the denomina¬ 
tor of U\ approaches 0 near this critical region. Mean¬ 
while, U 2 = 1 is fulfilled for 9 = 7r/2 and <p = 37r/4 since 
I*) = 75 ( 10 )+ e 3 "/ 4 |l)) is one of the eigenvectors of 
A — B = a x — a y , while U 2 diverges for 9 = 7r/2 and 
<p = 7 t /4 due to the fact that AO vanishes if and only if 
|IF) is an eigenstate of the observable O (see the identity 
(!))■ 

For comparison, we also present the contour plots for 
the case (f> = 7 t/ 8 . It is evident that the structure of 
= 7t/ 8) is greatly different from that of U\[c/> = 0), 
but on the contrary U 2 almost remains unchanged. Note 
that generally A — B = (cos </> — sin</>)(< 7 a; — cry), so that 
the condition for convergence or divergence of IA 2 is inde¬ 


pendent of the value of cf>. Indeed, we can also interpret 
this result intuitively by noting that </> only appears in 
an overall multiplicative factor of the denominator of U 2 
(see Eq. (|d|)). Therefore, in order to neatly avoid the 
divergence of U 2 , we can reformulate the lower bound £ 2 
as 


C 2 = max{£ 2 , £3}. ( 45 ) 


For the sake of completeness, we additionally have plot¬ 
ted the corresponding uncertainty function W 3 for the 
SUR and it turns out that U% never varies and is iden¬ 
tically equal to unity, which means that the equality of 
the SUR always holds for arbitrary pure states (|r| = 1). 
In fact, we have the following identity 


T (A,B,p) 


1 — (a ■ b ) 2 


( 1 -r 2 ) > 0 , 


( 46 ) 
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where we define 

T (A,B,p) = AA 2 AB 2 - i|(C)| 2 - ±\(F)\ 2 . (47) 


Hence, the SUR can be employed in the domain of dis¬ 
crete variables to detect the mixedness of qubit states 


IV. SQUEEZED STATES AND QUANTUM 
METROLOGY 


As indicated in previous literature, the definition of 
squeezing or reduction of quantum fluctuations is inti¬ 
mately intertwined with uncertainty relations |24|j . For 
instance, if two arbitrary observables A and B obey the 
commutation relation [A, B] = iC and the RUR, a state 
IT) is said to be squeezed in O £ {A B} if the uncer¬ 
tainty in O satisfies the relation (20| |2l], |38[ [Io| 

AO 2 < |(C)|/2. (48) 


Following this line of thought, we can generalize this def¬ 
inition to the case of the variances satisfying the stronger 
inequality ([?]), that is, one can define squeezing if 

AC 2 < |(C)|/(2 - 0i). (49) 

Apparently, the definition (ff9|) will reduce to that of ( ft8| ) 
if 0i = 0, which means | \R /belongs to the OISs. Alter¬ 
natively, by use of the inequality ([IJ), another criterion of 
squeezing can be given as 


AO 2 < 


l(C)| +02 

2 


(50) 


As expected, when 02 = 0 this definition also reduce to 
the one based on the RUR. Furthermore, some remarks 
are in order: (i) the definition of squeezing is not unique. 
An appropriate criterion should be established depending 
on the specific scenario where this definition makes sense 
p(i[ ; (ii) given A and B, the values of 0i and 0 2 are 
determined by the choice of |4/' L ) 132 . More precisely, 
the possible choices of |'I>- L ) will decide the strength of 
the definition. 

In particular, in the context of spin squeezing, various 
spin squeezing parameters have been proposed for dif¬ 
ferent applications, which attracted increasing attention 
since spin squeezing has been re cog nized as a valuable 
resource for quantum metrolog y pq . p3[ |~i~9| . f50| . For in¬ 
stance, based on the definition (48), a spin squeezing pa¬ 
rameter can be defined with respect to two orthogonal 
unit vectors fR and n 2 p4| 


spin state (CSS) and this is not desirable since a CSS 
should not be viewed as being spin-squeezed |^, ^l] . 

Therefore, we shift our focus to the squeezing parameter 
introduced by Wineland et ai, which is the one directly 
related to interferometric sensitivity ||22|| 

e R = N(AJ ni ) 2 /\(J n2 )\ 2 . (52) 


For the scenario of optical interferometry, it has been 
proved that 




N(AJ ni ) 2 ^ N 
\(J , l2 )\ 2 ~ T{\ T),J„ 3 ] 


(53) 


where .FUT), J n J = 4(AJ„ 3 ) 2 is the quantum Fisher in¬ 
formation |p2| and H 3 is orthogonal to both fti and t 7 2 . 
The parameter y 2 < 1 is a sufficient condition for particle 
entanglement and Eq. (|53|) confirms that there exists a 
class of states which are entangled, y 2 < 1, but not spin 
squeezed Q. In fact, by applying uncertainty relation 
(0), we can obtain a generalized version of Eq. ( ful ) 




X 


(l-0i/2) : 


> x 2 , 


(54) 


where we choose A = J ni , B = J„ 3 


and [•Rig, Jn\ ] — 


iJ n2 . Hence, if we want to attain higher sensitivity (e.g., 
£fj. as small as possible), we are supposed to choose the 


input state within the set of OISs (0i = 0) |54 


V. CONCLUSIONS 

In this work, we construct and formulate two quantum 
uncertainty equalities , which hold for all pairs of incom¬ 
patible observables and lead to the new uncertainty re¬ 
lations recently introduced by Maccone and Pati Q • + 1 
fact, one can obtain a series of inequalities with hierar¬ 
chical structure by retaining 1 to d — 2 terms within the 
set {|T/- Remarkably, we provide an explicit inter¬ 

pretation lying behind the structure of these inequalities 
and relate them to the so-called intelligent states |3(| . 

As an illustration, we investigate the properties of these 
uncertainty inequalities in the qubit system and a state- 
independent bound is obtained for the sum of variances. 
Finally, the implication of these uncertainty relations in 
interferometric sensitivity is also discussed in the context 
of spin squeezing. 

Possible generalizations of our method need to be ad¬ 
dressed. First, here we only consider the extension of 
RUR, but one can also extend the SUR employing the 
concept of GISs |||], where a suitable phase factor e lu 
should be introduced. For example, we can establish a 
strengthened version of the inequality f[|) 


= 2(AJ, H ) 2 /|(J„ 2 )|, (51) 


AA 2 + AB 2 > VK^P + K-F)! 2 + 0 3 . (55) 


where J n = J ■ ft , angular momentum operator J = 
4 YloLi an d is the vector of Pauli matrices acting 
on the 1th particle. When < 1, the state is said to be 
squeezed. However, t;jj may be less than 1 in coherent 


where 

0 3 = |(T|A±fe i " J R|T ± )| 2 , (56) 

7 =e“ 1 ’, tan oj = (F)/(C). (57) 
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Moreover, we notice that Pati and Wu extended the re¬ 
sult of H|] into the realm of weak measurement [^5| . In 
fact, the corresponding uncertainty equality of Eq. (6) in 
[jssl can also be constructed utilizing our approach. 
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Appendix A: OIS, GIS and minimum-uncertainty 
states 

As mentioned above, the OISs and GISs are quantum 
states that satisfy the equality sign in the RUR and SUR, 
respectively. However, frequently the OISs and GISs are 
also termed as minimum-uncertainty states in previous 
literature [^6| . Obviously, there is no commonly accepted 
name for those states and here we prefer to call the states 
that minimize the product functional W(T) = AA 2 AB 2 
as minimum-uncertainty states |2l|. In Ref. Jn|, Jackiw 
also termed it as critical states and presented a necessary 
condition which must be satisfied if F) achieves the 
minimum value 


A 2 B 2 
AA 2 + A B 2 


l*>=0, 


(Al) 


where 6 = 0 -{ 0 ) 1 . 

In fact, we can also provide the similar constraint 
for the sum functional W(T) = AA 2 + A B 2 by the 
variational method. Considering the variation (T| —> 
(T| + ((54/1, we have 
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(A2) 


where only the first-order approximation is adopted. 
Therefore, the variation of the variance can be repre¬ 
sented as 


5(A0 2 ) = 5{(0 2 ) - (G>) 2 ) 


= 6 {( 0 2 ))- 2 ( 0 ) 6 (( 0 )) 

-( 0 -{ 0 )) 2 \^) 
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((5T|T) 
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('FI'S) (T|T) 


(A3) 


Note that the normalization factor (TIT) plays an im¬ 
portant role in the derivation. By choosing O = A, B, 
the stationary condition <5[W(T)] = 0 can be recast as 

((5T|(A 2 + R 2 )|T) = ((5T|(AA 2 + AR 2 )|T). (A4) 

For the arbitrariness of (JT|, it follows that 

(A 2 + R 2 )|T) = (AA 2 + AR 2 )|T). (A5) 

This condition defines another class of critical states for 
the functional W(T). Furthermore, combining with the 
extra constraint A A = AB 1 this condition reduces to a 
special case of Eq. (|aI 1), which is to be expected. 


Appendix B: State-independent uncertainty relation 
for qubit system 


In this Appendix, we aim to prove the following state- 
independent bound 

W(T) > 1 — |a • 5| = 2(1 — c 2 ). (Bl) 

Indeed, this relation holds for arbitrary (pure or mixed) 
single-qubit states. Before proceeding, we would like to 
present two facts to simplify our discussion: (i) W’(T) 
reaches the minimum value for pure states; (ii) we only 
need to consider the states whose Bloch vector f lies 
within the plane spanned by a and b. The point (i) is 
obvious since we have W(T) = 2 — (a • r) 2 — {b ■ r) 2 . 
Thus, we have 

min W(T) = min W(T). (B2) 

| r\ < 1 | r\ — 1 

In addition, if r is not coplanar with a and b , we have 
the following relation 

cos d = cos-di cost^- (B3) 


where f V ry = $i, fy V a = and a V r = d. Here 
m V n denotes the angle between the two vectors and rj| 
represents the unit vector along the projection of f on 
the plane spanned by a and b. From Eq. (B3), we obtain 
| cos$i| > | cost?|, that is, (a • rj|) 2 > (a • ff. Note that 


the same argument applies to b. Therefore, the minimum 
value of W(T) is attained within this plane. 

Since |f| = 1, W(T) can be written as 


W(T) = ||a x r|| 2 -t- ||6x r|| 2 . (B4) 


Moreover, the Bloch vector r can be decomposed as 


r = a- 


p' 


a — b 


||d+&|| ||a-6|| 


(B5) 















where a , /? are real parameters and a 2 +/3 2 = 1. By using 
the parallelogram law in Herbert space, we have 

VV(tf) = ||a x rj| 2 + ||6 x f|| 2 

= (||(a + 6)xrl 2 + ||(a-6)xr1 2 )/2 
= [/3 2 (2 + 2a • &) + a 2 (2 — 2a • b)\/2 
= 1 + a ■ b(/3 2 — a 2 ). (B6) 

Since |/3 2 — a 2 \ < 1, we finally obtain W(’I') > 1 — \a • 6|. 


This inequality can be rewritten as 

(a • r) 2 + (b- r) 2 < 2c 2 = 1 + |a • 6|, (B7) 

where c = max,j- |(ai|6j)| and {|aq)} ({I ^i)}) are the cor¬ 
responding eigenvectors of A ( B). We notice the similar 
bounds have been obtained in |12[ and |57j]. However, 
Ref. |^2) does not provide an explicit proof and compar¬ 
ing with J57|, our proof is compact and straightforward. 


[1] W. Heisenberg, Uber den anschaulichen Inhalt der quan- 
tentheoretischen Kinematik und Mechanik, Z. Phys. 43 , 
172 (1927). 

[2] E. Kennard, Zur Quantenmechanik einfacher Bewe- 
gungstypen, Z. Phys. 44 , 326 (1927). 

[3] P. Busch, T. Heinonen, and P. J. Lahti, Heisenberg’s un¬ 
certainty principle, Phys. Rep. 452 , 155 (2007). 

[4] P. Busch, P. Lahti, and R. Werner, Colloquium : Quan¬ 
tum root-mean-square error and measurement uncer¬ 
tainty relations, Rev. Mod. Phys. 86, 1261 (2014). 

[5] S. Wehner and A. Winter, Entropic uncertainty relations- 
a survey, New J. Phys. 12 , 025009 (2010), and references 
therein. 

[6] M. Ozawa, Universally valid reformulation of the Heisen¬ 
berg uncertainty principle on noise and disturbance in 
measurement, Phys. Rev. A 67 , 042105 (2003). 

[7] M. Ozawa, Uncertainty relations for joint measurements 
of noncommuting observables, Phys. Lett. A 320 , 367 
(2004). 

[8] M. J. W. Hall, Prior information: How to circumvent the 
standard joint-measurement uncertainty relation, Phys. 
Rev. A 69, 052113 (2004). 

[9] P. Busch, P. Lahti, and R. F. Werner, Proof of Heisen¬ 
berg’s error-disturbance relation, Phys. Rev. Lett. Ill, 
160405 (2013). 

[10] M. M. Weston, M. J. W. Hall, M. S. Palsson, H. M. 
Wiseman, and G. J. Pryde, Experimental test of uni¬ 
versal complementarity relations, Phys. Rev. Lett. 110 , 
220402 (2013). 

[11] C. Branciard, Error-tradeoff and error-disturbance re¬ 
lations for incompatible quantum measurements, Proc. 
Natl. Acad. Sci. USA 110, 6742 (2013). 

[12] P. Busch, P. Lahti, and R. F. Werner, Heisenberg uncer¬ 
tainty for qubit measurements, Phys. Rev. A 89, 012129 
(2014). 

[13] C. Branciard, Deriving tight error-trade-off relations for 
approximate joint measurements of incompatible quan¬ 
tum observables, Phys. Rev. A 89, 022124 (2014). 

[14] F. Buscemi, M. J. W. Hall, M. Ozawa, and M. M. Wilde, 
Noise and disturbance in quantum measurements: an 
information-theoretic approach, Phys. Rev. Lett. 112 , 
050401 (2014). 

[15] C. Bastos, A. E. Bernardini, O. Bertolami, N. C. Dias, 
and J. N. Prata, Robertson-Schrodinger-type formulation 
of Ozawa’s noise-disturbance uncertainty principle, Phys. 
Rev. A 89, 042112 (2014). 

[16] J. Dressel and F. Nori, Certainty in Heisenberg’s uncer¬ 
tainty principle: Revisiting definitions for estimation er¬ 


rors and disturbance, Phys. Rev. A 89, 022106 (2014). 

[17] X.-M. Lu, S. Yu, K. Fujikawa, and C. H. Oh, Improved 
error-tradeoff and error-disturbance relations in terms of 
measurement error components, Phys. Rev. A 90 , 042113 
(2014). 

[18] H. F. Hofmann and S. Takeuchi, Violation of local un¬ 
certainty relations as a signature of entanglement, Phys. 
Rev. A 68, 032103 (2003). 

[19] O. Giihne, Characterizing entanglement via uncertainty 
relations, Phys. Rev. Lett. 92 , 117903 (2004). 

[20] D. F. Walls and P. Zoller, Reduced quantum fluctua¬ 
tions in resonance fluorescence, Phys. Rev. Lett. 47 , 709 
(1981). 

[21] K. Wodkiewicz and J. Eberly, Coherent states, squeezed 
fluctuations, and the SU(2) am SU(1,1) groups in 
quantum-optics applications, J. Opt. Soc. Am. B 2, 458 
(1985). 

[22] D. J. Wineland, J. J. Bollinger, W.M. Itano, F. L. Moore, 
and D. J. Heinzen, Spin squeezing and reduced quantum 
noise in spectroscopy, Phys. Rev. A 46 , R6797 (1992). 

[23] M. Kitagawa and M. Ueda, Squeezed spin states, Phys. 
Rev. A 47 , 5138 (1993). 

[24] J. Ma, X. G. Wang, C. P. Sun, and F. Nori, Quantum 
spin squeezing, Phys. Rep. 509 , 89 (2011). 

[25] V. Giovannetti, S. Lloyd, and L. Maccone, Quantum- 
enhanced measurements: beating the standard quantum 
limit, Science 306 , 1330 (2004). 

[26] V. Giovannetti, S. Lloyd, and L. Maccone, Quantum 
metrology, Phys. Rev. Lett. 96 , 010401 (2006). 

[27] V. Giovannetti, S. Lloyd, and L. Maccone, Advances in 
quantum metrology, Nat. Photon. 5, 222 (2011). 

[28] M. Hotta and M. Ozawa, Quantum estimation by local 
observables, Phys. Rev. A 70 , 022327 (2004). 

[29] W. Zhong, X. M. Lu, X. X. Jing and X. Wang, Op¬ 
timal condition for measurement observable via error- 
propagation, J. Phys. A: Math. Theor. 47 385304 (2014). 

[30] H. P. Robertson, The uncertainty principle, Phys. Rev. 
34 , 163 (1929). 

[31] E. Schrodinger, Zum Heisenbergschen Unscharfeprinzip, 
Ber. Kgl. Akad. Wiss. Berlin 24 , 296 (1930). 

[32] L. Maccone and A. K. Pati, Stronger uncertainty rela¬ 
tions for all incompatible observables, Phys. Rev. Lett. 
113 , 260401 (2014). 

[33] L. Vaidman, Minimum time for the evolution to an or¬ 
thogonal quantum state, Am. J. Phys. 60, 182 (1992). 

[34] L. Goldenberg and L. Vaidman, Applications of a sim¬ 
ple quantum mechanical formula, Am. J. Phys. 64 , 1059 
(1996). 



9 


[35] G. Liiders, Concerning the state-change due to the mea¬ 
surement process, Ann. Phys. 15 , 663 (2006). 

[36] C. Aragone, G. Guerri, S. Salamo, and J. L. Tani, Intel¬ 
ligent spin states, J. Phys. A 7 , L149 (1974). 

[37] C. Aragone, E. Chalbaud, and S. Salamo, On intelligent 
spin states, J. Math. Phys. 17 , 1963 (1976). 

[38] D. A. Trifonov, Generalized intelligent states and squeez¬ 
ing, J. Math. Phys. 35, 2297 (1994). 

[39] H. Nha, Unitary equivalence between ordinary intelligent 
states and generalized intelligent states, Phys. Rev. A 76 , 
053834 (2007). 

[40] R. R. Puri, Minimum uncertainty states for noncanonical 
operators, Phys. Rev. A 49 , 2178 (1994). 

[41] R. Jackiw, Minimum uncertainty product, number-phase 
uncertainty product, and coherent states, J. Math. Phys. 
9, 339 (1968). 

[42] G. C. Ghirardi, L.Marinatto, and R. Romano, An op¬ 
timal entropic uncertainty relation in a two-dimensional 
Hilbert space, Phys. Lett. A 317 , 32 (2003). 

[43] G. M. Bosyk, M. Portesi, and A. Plastino, Collision en¬ 
tropy and optimal uncertainty, Phys. Rev. A 85 , 012108 
( 2012 ). 

[44] Note that in our notation ({A, B}) / 2— ( A)(B ) = 02,02 [a- 
b — (a ■ r)(b ■ f)]. Therefore, even when considering the 
SUR, this type of sharp spin observables is sufficient for 
illustration purposes. 

[45] M. Kitagawa and Y. Yamamoto, Number-phase 
minimum-uncertainty state with reduced number uncer¬ 
tainty in a Kerr nonlinear interferometer, Phys. Rev. A 
34 , 3974 (1986). 

[46] K. Fujikawa and K. Umetsu, Aspects of universally valid 
Heisenberg uncertainty relation, Prog. Theor. Exp. Phys. 
2013 , 013A03 (2013). 

[47] K. Baek, T. Farrow, and W. Son, Optimized entropic un¬ 
certainty for successive projective measurements, Phys. 


Rev. A 89 , 032108 (2014). 

[48] S. Mai, T. Pramanik, and A. S. Majumdar, Detecting 
mixedness of qutrit systems using the uncertainty rela¬ 
tion, Phys. Rev. A 87 , 012105 (2013). 

[49] L. Pezze and A. Smerzi, Entanglement, nonlinear dy¬ 
namics, and the Heisenberg limit, Phys. Rev. Lett. 102, 
100401 (2009) . 

[50] P. Hyllus, L. Pezze, and A. Smerzi, Entanglement and 
sensitivity in precision measurements with states of a 
fluctuating number of particles, Phys. Rev. Lett. 105 , 
120501 (2010). 

[51] F. T. Arecchi, E. Courtens, R. Gilmore, and H. Thomas, 
Atomic coherent states in quantum optics, Phys. Rev. A 
6, 2211 (1972). 

[52] S. L. Braunstein and C. M. Caves, Statistical distance 
and the geometry of quantum states, Phys. Rev. Lett. 
72 , 3439 (1994). 

[53] H. Strobel, W. Muessel, D. Linnemann, T. Zibold, D. 
B. Hume, L. Pezze, A. Smerzi, and M. K. Oberthaler, 
Fisher information and entanglement of non-Gaussian 
spin states, Science 345 , 424 (2014). 

[54] M. Hillery and L. Mlodinow, Interferometers and 
minimum-uncertainty states, Phys. Rev. A 48 , 1548 
(1993). 

[55] A. K. Pati and J. Wu, Uncertainty and Complementarity 
Relations in Weak Measurement, arXiv:1411.7218. 

[56] D. A. Trifonov, The uncertainty way of generalizations 
of coherent states, in Geometry, Integrability and Quan¬ 
tization, I. M. Mladenov and G. L. Naber, eds. (Coral 
Press, Sofia, 2000), pp. 257-282. 

[57] P. Mandayam and M. D. Srinivas, Disturbance trade-off 
principle for quantum measurements, Phys. Rev. A 90 , 
062128 (2014). 


